Abstract. We study the partition of the set of pairs of matrices according to the BrunovskyKronecker type. We show that it is a constructible strati cation, and that it is Whitney regular when the second matrix is a column matrix. We give an application to the obtention of bifurcation diagrams for few-parameter generic families of linear systems.
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However, as for square matrices, this partition is not locally nite. Following Arnold's method, we consider \strata" formed by the uncountable union of the orbits which have the same discrete invariants, but di erent eigenvalues. Therefore, the local description of this new partition informs about the perturbation of the controllability indices, etc., of a system. The key point lies in showing that each stratum is a (regular) manifold, so that the new partition is in fact a strati cation, which we call BK-strati cation. Again, the proof follows from the local description given by the versal deformation.
Finally, given a parametrized family of linear systems, the BK-strati cation induces a partition in the space of parameters, known as the bifurcation diagram of the family. In general, if M is a manifold with a strati cation M = i X i , and f(w) 2 M, w 2 W, is a W-parametrized di erentiable family on it (that is to say, W is another manifold and f : W ?! M a di erentiable map), then the partition W = i f ?1 (X i ) is called the \bifurcation diagram"of this family. The bifurcation diagram of a family of linear systems gives precise information about the qualitative properties of the systems arising in the family, and about the e ects of local perturbations of the parameters. For example, assume that the bifurcation diagram of an 1-parametrized family (say W = C ) consist of a simple point (say w = 0). It means that only two types of discrete invariants appear in this family, having very di erent \stability properties": the type corresponding to w 6 = 0 is \stable" under little perturbations of w, whereas the other one disappears under any sligth perturbations of the value w = 0 of the parameter. In particular, in the numerical computation of the discrete invariants of the element corresponding to w = 0 it is probable that one obtains in fact the type corresponding to w 6 = 0, but no other type can be expected.
Nevertheless some additional conditions are necessary in order to ensure that the bifurcation diagram is in fact a strati cation, and that its local structure can be derived from the above description of the BK-strati cation. Transversality provides the required conditions. In fact, because of the generalized implicit function theorem, if the parametrized family is transversal to all the strata, then the bifurcation diagram is also a strati cation which besides has the following important property: the codimension of each one of its strata in the parameter space is the same that the codimension of the corresponding stratum in the BK-strati cation. Then, for a transversal family we have a precise limitation about the possibility of changes of the local structure of the family.
The question is then: are there \many" families transversal to the BK-stratication? At this point is where the Whitney regularity conditions play a key role. In fact, if the strati cation is Whitney regular, a theorem of Thom states that the set of families which are transversal to the strati cation is open and dense; this gives sense to qualifying as generic such families: this is to say, \almost" all families are transversal to the strati cation.
For example, we will see (example 8.2.i) that any generic 1-parametrized family of single-controlled systems has the bifurcation diagram referred above (a single point); hence, it can never arise three or more di erent types of discrete invariants in a 1-parametrized family of single-controlled systems. Also, we will see (example 8.2.ii) that the only singularity in a generic 2-parametrized bifurcation diagram is the normal crossing. Notice, for example, that in the bifurcation diagram of a generic 3 2-parametrized family of square matrices (see 1]) appears also cusp singularities.
More in general, one can list all the possible generic bifurcation diagrams for 1; 2; : : : parameters (see example 8.2) . This is clearly interesting from an experimental point of view, because any other bifurcation diagram is \experimentally impossible". Or, following an Arnold's remark, if a parametrized family contains systems of more complicated BK-form, or the bifurcation diagram has more complicated singularities, or ..., then they can be removed by an arbitrarily small perturbation of the family.
There are some theoretical tools to verify the Withney conditions. For example, according to a theorem by Whitney, a (locally nite) algebraic strati cation is Whitney regular if the strata are orbits under the action of an algebraic group. Such is the case of the strati cation which arises in the classi cation of linear systems under the action of the full linear group in the space of state variables ( 14] ; see also 7] ). This is also the case of the strati cation arising in the classi cation of reachable linear systems acted on by the feedback group ( 16] , 17]).
But the situation is more complicated if, as in our case, the partition in orbits is not locally nite, and one must consider strata formed by an in nite union of them. This is the case of the original study of Arnold: the square matrices strati ed according to their Jordan type. See 8] for a detailed proof that this strati cation is Whitney regular.
In our case, following these techniques, we prove that the BK-strati cation of single-controlled linear systems is Whitney regular. Then, as we said, we can obtain precise descriptions of the bifurcation diagrams of generic parametrized families of this kind of systems.
The organization of this paper is as follows. Section 2 is preliminary, and it contains the general de nitions and notations needed in the sequel. In section 1 we de ne the Brunovsky-Kronecker partition of the set M n;m . Previously, we recall the Brunovsky-Kronecker form as well as the way of calculating its invariants. In section 4 we remark that the block-similarity classes can be considered to be the orbits with regard to the action of a Lie group. Some properties can be derived from this representation: constructibility, regularity, homogeneity,... Section 5 is devoted to showing a fundamental property of local triviality along the orbits, and to giving explicitly the minitransversal variety to the orbit mentioned above. This is the key point in order to prove, in section 6, that the strata are submanifolds of M n;m (th. 6.2). Moreover, we show that they are constructible and connected. In section 7, we tackle the main theorem (th. 7.5): the Brunovsky-Kronecker strati cation is Whitney regular when m = 1. Also, we remark (7.6) that it veri es the frontier condition for any m. Finally, in section 8 we enumerate the singularities of bifurcation diagrams of few-parameter generic families of linear systems.
2. Preliminaires. 2.1 For every integer p, we will denote by M p the space of p-square complex matrices, and by Gl(p) the linear group formed by the invertible matrices of M p . Also, we will denote M p q the space of rectangular complex matrices, having p rows and q columns. We will deal mainly with pairs of matrices (A; B) such that A 2 M n and B 2 M n m . In all the paper, M n;m will denote the space of such pairs of matrices; M n;m = M n M n m . It is not di cult to see that this condition is invariant under di eomorphisms.
Hence, we can de ne in an obvious way the Whitney regular condition when M is a manifold.
We say that Y is Whitney regular over X when it is so at every point of X \ Y .
Finally, let i X i be a strati cation of a subset V of a manifold M. We say that this strati cation is Whitney regular when every stratum X i is Whitney regular over X j (i 6 = j).
2.5 A closed algebraic subset of C n is the set of zeroes of a nite set of polynomials.
An open algebraic set of C n is the complementary of a closed algebraic subset of C n .
A subset S of C n is constructible if S is a disjoint union T 1 : : : T k , where T i is locally closed, i.e., it is the intersection of a closed algebraic set with an open algebraic set.
We call rational mapping a mapping of a subset of C p into C q whose components are rational functions, with denominators nowhere zero on the domain. We will need the following theorem of Chevalley: the image of a constructible set under a rational map is constructible. 3. The Brunovsky-Kronecker Strati cation. We shall partition M n;m into a nite number of subsets, each one formed by all the pairs of matrices having the same controllability indices and the same Segre symbol (of the Jordan block in the Brunovsky-Kronecker reduced form). Hence, each one of these subsets is an uncountable union of block-similarity classes, di ering only in the values of the eigenvalues. In section 6 we shall prove that this partition is in fact a constructible regular strati cation. So, we refer to it as the Brunovsky-Kronecker strati cation of M n;m . Often, we will abbreviate Brunovsky-Kronecker as BK: BK-strati cation, BK-reduced form,... The integers k i are called the controllability indices of (A; B). We assume k 1 : : : k r . We shall write k = (k 1 ; : : : ; k r ), s = k 1 +: : :+k r . We call 1 ; : : : ; the eigenvalues of (A; B). And A BK-stratum, E(k; ), in M n;m consists of all pairs of matrices having a given BKsymbol (k; ). We denote E(A; B) the BK-stratum of the pair (A; B). We denote the partition k; E(k; ) of M n;m , which will be called the BK-strati cation.
When we write (k; ) we do not exclude the possibility that (k; ) = (k), that is to say, there is no Jordan matrix J or that (k; ) = ( ), which means that B = 0.
Notice that there are only nitely many BK-strata. Each one is an uncountable union of block-similarity equivalence classes, di ering only in the values of the to reduce the study of the strati cation to that of its intersection with a submanifold ? transversal to the orbits. The key point is the selection of submanifold ?, in order to have an appropiate description of its intersection with the BK-strati cation (see (5.3) ). In our case, we select ? as the versal deformation constructed in 4].
The following lemma provides the desired local trivialisation along the orbits. 6. The Strata. Next, we are going to tackle the regularity of the BK-strata (6.2), and their dimension (6.3). As we have said above the lemma (5.1) plays an essential role. In fact, thanks to it we can reduce the problem to the intersection with the variety ? in (5.2). Then, the result follows from the description of this intersection in (5.3), and the regularity of the Segre strata. Other properties of the BK-strata are presented in (6.4) and (6.5). From them, it is possible to give an autonomous proof of the regularity of the BK-strata (without using those of the Segre strata). Moreover, they are of interest in their own right. We must prove that E(A; B) is regular at (A; B).
Because of (4.3), we can assume that (A; B) is a BK-matrix: The next result is needed for the proof of lemma (7.4) which it is a crucial step in the proof of the main theorem of this paper. is a constructible set, is a rational map, and (G C ( ) ) = E(k; ), so that, according to the Chevalley theorem, E(k; ) is a constructible set.
Moreover, it is connected because is continuous and G C ( ) is connected. Proposition 6.5. The action of C in M n;m de ned by ( ; (A; B)) ?! (A + I; B) preserves the BK-strata. That is to say, if E(k; ) is a BK-stratum, (A; B) 2 E(k; ) and 2 C , then: 1) is an eigenvalue of (A; B) if and only if + is an eigenvalue of (A+ I; B).
2) (A + I; B) 2 E(k; ). Proof. 1) According to (3.1), is an eigenvalue of (A; B) if and only if rank (A ? I; B) < n. And obviously it is equivalent to rank ((A + I) ? ( + )I; B) < n. for any 1 j n. And we argue as above to conclude the proof.
7. Regularity of the BK-strati cation (m = 1). Finally, we are going to prove that the BK-strati cation = E( ) is Whitney regular (7.5) when m = 1.
As for the regularity of the BK-strata. Again, the key point is the application of lemma (5.1) to prove (7.1) which reduces the problem to the strati cation induced by the intersection with the variety ? in (5.2). But now this induced strati cation is not a Segre strati cation, so that we cannot conclude simply by using the results in 8].
Previously we will study the particular case of strata called simple (7.2); since they have a particular homogeneity property (7.3), the regularity over them follows from the Whitney theorem (7.4). The general case can be viewed as a product of simple strata, because of the explicit descriptions in (5.3). In addition, we remark (7.6) that for any m 1 satis es the frontier condition.
Given (A; B) 2 M n;m , and ? as in (5.1), let us consider the induced strati cation k; (E(k; )\?) of a su ciently small neighbourhood in ? of (A; B), which we denote \ ?. Notice that it is well de ned because ? is not only transversal to O(A; B), but also to every orbit su ciently close to (A; B) (see (5.1)), and hence to every BK-stratum su ciently close to (A; B). The simple strata verify a particular homogeneity property, in some sense the converse to the one in (6.4): The Whitney theorem states that any stratum of a constructible locally nite strati cation has a Whitney regular point. Hence, any stratum E(k; ) has a point (A; B) such that is Whitney regular over E(k; ) at (A; B). In the particular case where E(k; ) is simple, the above homogeneity property implies that all the points of E(k; ) are Whitney regular. Therefore, we have the following lemma, as a rst step to tackle the main theorem:
Lemma 7.4. is Whitney regular over any simple BK-stratum. Regularity of the Brunovsky-Kronecker strati cation
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Because of (4.3), we can assume that (A; B) is a BK-matrix. Firstly, we suppose that B 6 = 0. We will discuss later the case B = 0. Since B 6 = 0 we have that 1.2) ). Hence, because ' is a di eomorphism, to conclude the proof it is su cient to show that ' preserves strata locally at (A; B). That is to say, given two points z = N 0 X i H i ; E To prove this, we are going to see that the controllability indices and the Segre symbol of '(z) and '(z 0 ) are the same. it is obvious that r j = r 0 j for s + 1 j n. Consequently, we assume now that Y i 6 = 0 for some i. Renumbering, if it is necessary, we can suppose that Y i 6 = 0 (hence Y 0 i 6 = 0) for 1 i t, t .
Since r j r j+1 r j + 1, in order to see that r j = r 0 j for s < j n it is enough to prove that if j is the rst index such that r j = r j?1 , index j has also the same property with regard to r 0 j .
Therefore, let j = s +`+ 1, be the rst index such that r j = r j?1 (ii) We must now prove that the Segre symbols of '(z) and '(z 0 ) are the same. As for (ii), the reasoning is also the same: is an eigenvalue of (C; D) if and only if it is an eigenvalue of (H i ; Z i ) for some i, (as in the former case we we have to bear in mind that (H i ; Z i ) belongs to a neighbourhood of (J i ; 0) and that J 1 ; : : : ; J have diferent eigenvalues). The theorem now is completely proved.
We recall that a strati cation satis es the frontier condition if for any strata E; E 0 2 such that E \E 0 6 = ; then E E 0 . That is to say, the frontier of a stratum is a union of strata. It follows from (5.5), (4.4) and 9] that the Brunovsky-Kronecker strati cation satis es the frontier condition, if m = 1. In fact, the theorems (4.7) and (5.6) of 11] show that this condition holds for all values of m. Therefore, we have: Proposition 7.6. The BK-strati cation veri es the frontier condition. Remark 7.7. Notice that the limitation m = 1 in the above theorem is only used in (7.5 (i)). We conjeture that the theorem is also true for m > 1, but in this case our approach should be modi ed because Y is not a column matrix. Unfortunately, until now we have not succeeded in nding an alternative approach which works in the general case.
8. Bifurcation diagrams. The space M n;1 is equipped with a Whitney strati cation, so that we can make use of the Thom transversality theorem: let W be a d-dimensional manifold, and C 1 (W; M n;1 ) the space of the W-parametrized differentiable families of pairs of matrices of M n;1 ; that is to say, the di erentiable maps ' : W ?! M n;1 ; then the subset formed by the ones transversal to the BKstrati cation is open and dense. These families will be called \generic".
Let ' : W ?! M n;1 be a generic family. For all E(k; ) M n;1 , ' ?1 (E(k; )) is a submanifold of W and codim ' ?1 (E(k; )) = codim E(k; ):
Moreover, ' ?1 (E(k; )) is a Whitney regular strati cation for W, called the bifurcation diagram of the (generic) family.
The local description at w 2 W of the bifurcation diagram can be derived from the one of a versal deformation of (A; B) = '(w). Because of (4.3), we can assume (A; B) to be a BK-matrix, and then consider its versal deformation ? in (5.2). Notice that x is a complex number so that C ? f0g is connected.
So, for a generic 1-parameter family there are only pairs equivalents to (8.1) and for an isolated value of the parameter a pair equivalent to (8.2).
(ii) Two-parameter families. is equivalent to (8.2) . So, the bifurcation diagram for a generic 2-parameter family is the usual strati cation associated to xy = 0, that is to say fx = y = 0g fxy = 0 ; x 6 = 0 or y 6 = 0g fx 6 = 0 ; y 6 = 0g Therefore, for a generic 2-parameter family there are only three possibilities:
The pairs corresponding to points outside the axes are equivalent to (8.1). To the points of the axes, except 0, correspond pairs equivalent to (8.2) . To the origen 0 corresponds a pair equivalent to (8.4).
(iii) Three-parameter families.
There are two strata of codimension three: We have to discuss in each one of these cases, when a pair is equivalent to (8.1), (8.2), (8.4), (8.6) or (8.7). As in the former cases we compute the controllability matrix, which is, in the rst case 
